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Abstract 

A new form of zero-discord state via Petz's monotonicity condition on relative 
entropy with equality has been derived systematically. A generalization of symmetric 
zero-discord states is presented and the related physical implications are discussed. 



1 Introduction 

Relative entropy are powerful tools in quantum information theory fV\. It has a mono- 
tonicity property under a certain class of quantum channels and the condition of equality 
is an interesting and important subject. It is Petz who first studied the equality condition 
of monotonicity of relative entropy ||2l [Sj. Later Ruskai obtained similar result in terms 
of another elegant approach [4]. The most general equality condition along with this 
line are recently reviewed in |51. 

In this note we will make use of the most general equality condition for relative 
entropy to find the specific form of states which satisfy the zero-discord condition (see 
details below). 



* E-mail: godyalin@163.com 
^E-mail: feishm@mail.cnu.edu.cn 



1 



Let Ti denote an N-dimensional complex Hilbert space. A state p onT-l is a positive 
semi-definite operator of trace one. We denote D (H) the set of all the density matrices 
acting on H. If p = J^^. ^-k\uk) (wfcl is the spectral decomposition of p, with A^t and jufc) the 
eigenvalues and eigenvectors respectively, then the support of p is defined by 

supp(|0) = span{|u;t) '■ > 0}/ 
and the generalized inverse p~^ of |0 is defined by 

p-^ = ^k^Wk){uk\- 

k:\^>Q 

The von Neumann entropy S(|0) of p is defined by 

S(p) = -Tr (plogp), 

which quantifies information encoded in the quantum state p. If cr is also a quantum 
state on "H, then the relative entropy IH between p and a is defined by 




Tr (|0(log|0 - logcr)) , if supp(|0) C supp((7), 
+00, otherwise. 



Let L(H) be the set of all linear operators on %. If X,y G L(H), then (X,y) = 
Tr (X"'^y) defines the Hilbert-Schmidt inner product on L (H). Let T (T-L) denote the set of 
all linear super-operators from L (7^) to itself. A G T (H) is said to be a completely positive 
super-operator if for each G N, 

A ® 1m,(c) : L (H) « Mfc(C) ^ L (H) (8 Mfc(C) 

is positive, where Mfc(C) is the set of all x complex matrices. It follows from Choi's 
theorem [6J that every completely positive super-operator A has a Kraus representation 

A = J^AdM,„ 

that is, for every X G L(H), A(X) = E^M^XMJ, where {M^} C L(H), MJ is the 
adjoint operator of M^. It is clear that for the super-operator A, there is adjoint super- 
operator A+ G T(H) such that for A,B G L (H), (A(A),B) = (A, A+(B)). Moreover, A is 
a completely positive super-operator if and only if A^ is also a completely positive super- 
operator. A quantum channel is just a trace-preserving completely positive super-operator 
O. If O is also unit-preserving, then it is called unital quantum channel. 
It has been reviewed in ||5l that. 
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Lemma 1.1. Let p,cr ^ D^H), O G T(H) be a quantum channel. If supp(p) C supp((r), 
then S(0(p)||<I>((r)) ^ S(p||(r); moreover 

S(<E>(p)||<l>((r)) = S(|0||(7) ifandonlyif <t>J o O(|0) = p, 

w/zere 0+ = Ad^i/2 o ^+ o Ad^(^)-i/2. 

Moreover, for a tripartite state, one has (Zl |8]], 

Lemma 1.2. Let Pabc ^ D (H^^ (g) (8) He) /o?" zvhich strong subadditivity is saturated for 
both triples ABC, BAC. Then Pabc must have the following form: 

hi ' ' ^ ^ 
where k is a function only ofi,] in the sense that 

k = k{i,i) = ki{i) = k2{i) whenever pij > 0. 

In particular, k need only be defined where pij > so that it is not necessarily constant. By 
collecting the terms of equivalent k we can write 

Pabc = © PrPab ® Pp' 

k 

where 

PW^aI= L V.i(^®(^®P^- 

2 Quantum discord 

Consider a bipartite system AB composed of subsystems A and B. Let Pab be the density 
operator of AB, and pA and ps the reduced density operators. The total correlation 
between the systems A and B is measured by the quantum mutual information 

HPab) = S(|Oa) - 5{pa\pb) , 

where 

S {pa\pb) =5{Pab) -S(|Ob) 

is the entropy of A conditional on B. The conditional entropy can also be introduced 
by a measurement-based approach. Consider a measurement locally performed on B, 
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which can be described by a set of projectors Hg = jng^^} = The state of 

the quantum system, conditioned on the measurement of the outcome labeled by }i, is 

VB,]i 

where 

VB,}i = Tr ((1a (X) nB,pt)pABi'^A <^ ^B,ii)) = {bfi\pAB\bpi) > 

denotes the probability of obtaining the outcome }i, and 1^ denotes the identity oper- 
ator for A. The conditional density operator pAB,fi allows for the following alternative 
definition of the conditional entropy: 

S(Pab| {^^B,^}) = J^PB,^S{pAB,pi) = J^PB,iiS{pA,^), 

where pA,ii = Trg {pab,ii) = {^/pB,}i) {b^ \Pab \ bji)- Therefore, the quantum mutual in- 
formation can also be defined by 

Hpab\ {nB,f/}) = s{pa) - s{pab\ {nB,f/}). 

The quantities I{pab) and I{pab\ {^B,fi}) are classically equivalent but distinct in the 
quantum case. 

The one-sided quantum discord is defined by: 

Db{pab) = ^HKpab) - lipABl'ns)} . 

If we denote the nonselective von Neumann measurement performed on B by 
^b{pab) = Y^i'^A ® 'nB,^i)pAB{'^A ^ 'nB,^) = YLpb,vPa,ii® \b^){h^\, 

then the quantum discord can be written alternatively as 

TDb{Pab) = ^^HHPAb\\Pa(^Pb) -S{nBipAB)\\pA(^^B{pB))} 

= inf {S(|OAB||nB(pAB)) -S(|OB||nB(pB))}. 
lis 

Apparently, Db{pab) ^ from Lemma [LTI 

The symmetric quantum discord of Pab is defined by HI, 

C(|Oab) = ^inf^ {^{Pab\\^a®^b{Pab)) - ^{Pa\\^a{Pa)) - ^{Pb\\^b{Pb))} ■ 
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For the symmetric quantum discord of p^g, one still has that 

D{pAB) = ^mf {S{pab\\Pa^ Pb) -S(nA^nBipAB)\\nA(^nBipA^ Pb))} ■ (2.1) 
The symmetric quantum discord of pAi...Ajq for N-partite systems are defined by: 

D{pAi...A^) 

= rr i^lrr \ ^(P A^...aJ\^A, ® " " ■ UA^ip A,...aJ) " £ ^(pA, 1 1 H^, ) ) 

-s(n^j ® • • • ® n^^(p^j...^^)||n^^ ® • • • UA^iPA, ® • • • ® ^^a^))}, 

which is non-negative, D{pa^,„An) ^ 0- 

The following theorem describes the structure of symmetric zero-discord states: 

Theorem 2.1. D{pab) = if and only if 

EPABmv . — „ , — , — „ , 
\/pfiMA,}i\/pA® \/W^^,v\/P^ 

]i,v VA,]iVB,v 

for both von Neumann measurements Ha = {n^^^^} and Hg = {Hb^v}/ ivhere 

PA,ii = Tr {nA,^iPA) , Vb,v = Tr {Ub^vPb) , Vab.^v = Tr {Ua,^ Ub,vPab) ■ 

Proof Clearly, supp (pab) ^ supp (,0^) <»supp (pb) = supp {pA (E) Pb) fTO]- Since D{pab) 
0, from Eq. (|2.1[), it follows that there exist two von Neumann measurement Ha = 
{n^,;^} and Hb = {Hb,v} such that 

S(n^ ® Ub{pab)\\^a ® ^b{Pa ® Pb)) = 5{pab\\Pa^ Pb)- 

Assume that a = Pa'^ |0b,O = Hg in Lemma [Lll Therefore D{pab) = if and 

only if 

S{nA®UB{pAB)\\'nA^TlB{pA^pB)) = 5{Pab\\PA^Pb)- 



Namely 



Therefore 



PAB = K ° ^(Pab) = ii^ApA ° ^a) ® (n^,p, o nB)){pAB 



EPABmv . „ , , „ , 
^/Pa^a,iiVPa® Vpb^b,v^/Pb- 



□ 



Accordingly we have 
Corollary 2.2. Db{pab) = if and only if 

Pab = Y^pA,ii <^ VpB'n-B,tiVpB (2.2) 
/' 

for some von Neumann measurement Ug = {Hb^^;}, where 

1 

PA,^ = Trg (1a Ub^^Pab) , PB,ii = Tr (Ub^^Pb) ■ 

Remark 2.3. Suppose that the von Neumann measurement in Eq. (|2.2|) is Hg = {rTg^ } = 
{\bn){b^\}. Then we can assert that j^^^) is the eigenvectors of pB- This can be seen as 
follows. From Eq. (|2.2|) it follows that 

ns (|0 AB ) = J] |0 A,^ Hb ( V^nB,;, y^) . (2.3) 



Actually 



TIb{Pab) = E(lA®nB,^)pAB(lA®nB,^0 = Y^PB,^PA,|l(^'nB,|^. (2.4) 



From Eq. (O and Eq. (|231), we have 

nB(x/iOBnB,,iVi^) = VB,}J^B,ii, 

which implies that 



^B,y^/PB^B,V^/PB^B,^ =0, ii }l^V, 

^B,ii^/pB^B,iiy/pB^B,ii = VB,}i^B,ii, Otherwise. 



1 2 

[^A\/Pb\K)\ =0 if //^v. 



That is. 



I y^o^l h^) = y/fBji = y {bfi \pb\ bj.i) otherwise. 
Thus we conclude that { |&^) } is the eigenvectors of pB- 
For general multipartite case we have 



(2.5) 
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Corollary 2.4. D(|0^j ^j^) = if and only if 

}ii,...,liN rAi,}ii • • • PAjv,/^iv 

/or N z7on Neumann measurements H^. = |n^.^^.}, w/zere 

Pa,,;., = Tr (n^,,,,,^^A,) {i = l,---, N), Pa,...a^,^,...^^ = Tr (n^^,^,^ ® • • • ® n^^^^^p^^...^^) . 

In order to obtain a connection with strong subadditivity of quantum entropy [llj, 
we associate each von Neumann measurement Hg = jng^} with a system C as follows: 

(^ABC = VRAbV^ = l^{lA(^nB,^)pABOi-A^^B,v) ® \f){v\c, (2-6) 

where 

is an isometry from B to BC. From Eq. (|2.6|) we have 

f^AB = Trc (^|OaB^^) = ng (|Oab) = YuVB,}ipA,ii ® ^B,iir 
(^BC = T^T^AlypAB^^) =Y^'nB,piPB'nB,v^\pl){v\c' 



^B = Y^PB,fl'nB,^, 



where ps^ji = Tr dogng^^;) . This implies that the conditional mutual information between 
A and C conditioned on B is 



IiA;C\B)a = SKB)+S(£rBc)-S((r^Bc)-S((rB) 
= E VB,ii^{pA,ii) + S(pb) - S(pab) 

= S(p^b|||Oa (^|0b) -S(nB(pAB)||pA ® nB(pB))- 

Similarly we have 

7(A;B|C)^ = S(|Oab|||OA (X)|Ob) - S(nB(|OAB)|||OA <^ nB(|OB)). 

That is, 

l{AX\B)a = I{A;B\C)a = S{pab\\Pa®Pb)-?>{^b{Pab)\\Pa®'^b{Pb))- (2.7) 



If Eq. (|2.7[) vanishes for some von Neumann measurement Hg = {IIb^}, I{A;C\B)a- = 
I{A;B\C)a = 0, then from Lemma[L2l[i)/ 

k 

UDb{pab) = 5{Pab\\Pa^ Pb) -H'^B{pAB)\\pA®'nB{pB)) for some von Neumarm mea- 
surement rTg, then 

Db{pab) = I{^-^B\C)^. 

There exists a famous protocol — state redistribution — which gives an operational inter- 
pretation of conditional mutual information I(A;B\C)a |fl2l [T3B . This amounts to give 
implicitly an operational interpretation of quantum discord ffTHITSB . 



3 A generalization of zero-discord states 

Denote 

= {pAB^'D{'HA(^nB):DAipAB)=0}, 

n° = {pAB^^{nA(^nB):D{pAB) = o}. 

Suppose Pab £ D (Ha 'Hb), with two marginal density matrices are pA = Trg (pab) 
and Pb = Tr^ (Pab)' respectively. A sufficient condition for zero-discord states has been 
derived in [111: if Pab ^ ^% then [pab^Pa <^ Ifi] = 0. 

A characterization of [pab>Pa 1b] =0 is obtained in [17], [pab^Pa <^ 1b] = if and 
only if Pab = ^a{Pab)> where Ha = {n^^^,} is some positive valued measurement for 
which each projector is of any rank. That is, 

Pab = J^{^A,ti <^ WPABO^A,ii <^ 1b)- 

States Pab such that [pab>Pa'^'^b] = are called lazy ones with particular physi- 
cal interpretations [ilZJ . Consider general evolution of the state in a finite-dimensional 
composite system AB: 

= — i [Hab,Pab,t] / 

t=T 

where the total Hamiltonian is Hab = Ha (E) 1b + 1a <X) Hb + Hint, which consists of the 
system, the environment and the interaction Hamiltonians. Clearly, it is required that 



d 

J^PAB,t 
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Tr^ (Hint) = Tre (Hint) = 0. For the system A, the change rate of the system entropy at 
a time t is given by ||T6| : 

d 



dt 



-iTr (Hint [^AB,T/log2(pA,T) ^ M) 



(3.1) 



t=T 



Since the von Neumann entropy S{px) of px quantifies the degree of decoherence of the 
system X(= A,B), it follows that the system entropy rates are independent of the AB 
coupling if and only if 

[ d 1 

0, 



J t=T 



which is equivalent to the following expression: 

[PAB,tAo§2{PA,t) (8 1b] = [pAB,T,PA,T ® Ifi] = 0. 

In view of this point, the entropy of quantum systems can be preserved from decoher- 
ence under any coupling between A and B if and only if the composite system states are 
lazy ones. 

From the symmetry with respect to A and B, one has 



y>{pB,t] 



-iTr (Hint [pAB,T,^A ® ^o^{Pb,t)]) ■ 



(3.2) 



Due to that 



J^^iPAB,t] 



y>{PA,) 



+ 



t=T 



jl^iPB,t] 



t=T 



Jl^iPAB,t] 



t=T 



and 



Jt^iPAB,t] 



0, 



J t=T 



we have further 



Yt^PAB/. 



-iTr (Hint [Pab,tAos{Pa,t ® Pb,t)]) ■ 



(3.3) 



J t=T 



We can see from Eq. (|3.3|) that the total correlation is preserved under any coupling 
between A and B if and only if the mutual entropy rate of composite system AB is zero: 

d 



dt 



KPAB,t 



0, 



t=T 



which is equivalent to the following expression: 

[PAB,T^O^{pA,T ® PB,t)] = [pAB,T,pA,T ® PB,t\ = 0. 

Similarly, we have: 



Proposition 3.1. I/pab ^ then [paB'Pa ^ Pb] — 0- 
Moreover, 

Proposition 3.2. [pab>Pa® Pb] = if and only if Pab = ^A ^^BiPAB)f where Hx = 
{YIx,a} 11^^ some PVMfor which each projector U.x,oc> where (X, a) = {A, p.), {B,v), are of any 
rank. That is, 

Pab = Y^i'^A,}i » ^B,v)pABi'n.A,ji Ub,v). 

}l,V 

Proof. Let the spectral decompositions of pa,t and pb,t be 

PA,r = J^Pii^A,r, pB,r = J^qv^B,v, 

}l V 

respectively, where {n^^^} and {rTg ^1 are the orthogonal projectors of any rank, such 
that {pji} and {qy} are non-degenerate, respectively. Then {H^^^ ® ^B,v} are orthogonal 
eigen-projectors of Pa,t ® Pb,t- Since [p^g, pA ps] = is equivalent to [fAB, ^A,fi <X) T1b,v] = 
for all p, V, it follows from ]2fi,v ^A,}i ^ ^B,v = 1a ® Ifi that 

Pab = J^{'n.A,^ ® UB,v)pAB{'nA,^ ® ^b,v)- 

ji,V 

The converse follows from direct computation. □ 

Here the states pab satisfying the condition [paB/Pa ^Pb] — ^ are just the general- 
ization of zero-symmetric discord states and lazy states are the generalization of zero 
discord states. 

4 Conclusion 

We have studied the well-known monotonicity inequality of relative entropy under com- 
pletely positive linear maps, by deriving some properties of symmetric discord. A new 
form of zero-discord state via Petz's monotonicity condition on relative entropy with 
equality has been derived systematically. The results are generalized for the zero-discord 
states. 

There is a more interesting and challenging problem which can be considered in the 
future study: What is a sufficient and necessary condition for the vanishing conditional 
mutual entropy rates at a time t: 

where I{A : B\E)p = S{pae) + S{pbe) -S(pabe) -S(pe). 



= 0, 
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